YITP-97-19 
May 1997 



Lorentz Symmetry of Supermembrane 
in Light Cone Gauge Formulation 



KiYOSHi EZAWAjJ], YUTAKA MATSUOg, KoiCHi MURAKAMlQ 

Yukawa Institute for Theoretical Physics 
Kyoto University, Sakyo-ku, Kyoto 606-01, Japan 



Abstract 

We prove the Lorentz symmetry of supermembrane theory in the hght cone gauge 
to complete the program initiated by de Wit, Marquard and Nicolai. We give some 
comments on extending the formulation to the M(atrix) theory. 



^ep-th/9705005 
*JSPS fellow 

^ e-mail address : ezawa@yukawa.kyoto-u.ac.jp 
^ e-mail address : yutaka@yukawa.kyoto-u.ac.jp 
^ e-mail address : murakami@yukawa.kyoto-u.ac.jp 



1 



1 Introduction 



After the discovery of the string duahty, our perception of the string theory was drastically 
changed. What used to be the obscure inhabitants of the string theory, the p-branes, turned 
out to be the key ingredients of the non-perturbative physics. M-theory is supposed to be 
one of the most symmetric form of the "string" theory. However, because of our ignorance of 
the quantization of the p-branes, the very definition of the theory has been largely unknown. 

By critical use of the simplification due to the infinite momentum frame, BFSS pro- 
posed a constructive definition of the M-theory. The momentum along the eleventh dimen- 
sion is identified with the zero-brane charge. The infinite boost kills the degree of freedom 
which has zero (fundamental string) and negative (anti-zero brane) charges. The resulting 
Lagrangian is made up only with the zero-branes described by the large N limit of the 
SU{N) Yang-Mills theory. BFSS have indicated two major evidences which support their 
idea. 

1. The matrix theory Lagrangian coincides with that of supermembrane proposed by de 
Wit, Hoppe and Nicolai (dWHN) if one replaces the gauge group from SU{N) to 
the area preserving diffeomorphism (APD) in two dimensions. 

2. The scattering of the zero-branes coincides with the prediction of the eleven dimensional 
super gravity. 

As usual, the subtlety in the infinite momentum frame is the Lorentz symmetry. This 
problem is very difficult to analyze in the matrix theory since the momentum exchange in the 
eleventh dimension means the exchange of zero-brane charge. We need to treat the quantum 
process which changes the size of matrices^. 

On the other hand, the analysis of the similar problem in the dWHN model is accessible 
since we know the covariant Lagrangian in eleven dimensions. Indeed this program was 
nearly accomplished by de Wit, Marquard and Nicolai (dWMN)@]. They defined the Lorentz 
generators and have shown that they commute with the Hamiltonian of the system. In their 
proof, they essentially used various identities of the APD tensors. 

The purpose of this technical note is to complete this program, namely to give the direct 
computation of the algebra of the Lorentz generators. Our result supports the Lorentz 
symmetry after the cancellation among numerous non-trivial factors. We need to prove 
some additional identities of the APD tensors to finalize our result. In section two, we 
briefiy review the result of dWMN to make this note self-contained. In section three, we 
summarize our proof of the Lorentz invariance. In section four, we give a discussion on the 
possible extension of our result to the M(atrix) theory. One of the generators of Lorentz 
algebra depends essentially on the metric of the membrane world volume. Therefore, it is 
not invariant under the APD and it causes some nontriviality. We argue that this fact might 
give a hint to eleven dimensional definition of M-theory. Explicit computations and technical 

^ Beautiful treatment of this issue is recently proposed by Polchinski and Pouliot by considering 
scattering of two membranes where zero-brane charge can be treated as the monopole charge on the world 
brane. In this setting, the zero-brane exchange can be calculated by the instanton calculus on the world 
brane. 



2 



comments are provided in the appendix. In appendix A, we describe the identities between 
the APD tensors. In appendix B, we summarize properties of the Clifford algebra of S0{9). 
The identities in these sections are used in appendices C and D to prove the Lorentz algebra. 



2 Summary of dWHN model 

DWHN model is defined as a + 1 dimensional supersymmetric Yang-Mills system whose 
gauge group is the APD of a fixed two dimensional manifold. The Lagrangian (slightly 
modified from the original definition) is 

V^-'C = liDoXf + '-0Do9 - i X'}f + ^^7a {X^ 9} , (1) 

where the definitions of the notation are following. X"(t,cr^), 6a(t,a^) {a = 1, ... ,9, a = 
1, . . . , 16, r = 1, 2) are the quantum mechanical variables whose internal degree of freedom 
is described by two parameters a. The indices a and a are respectively the vector and the 
spinor degrees of freedom of 5*0(9). Wij is the 2x2 metric tensor for the parameter space and 
w is its determinant. The curly bracket, {A, B} = —f^ — drA(a)dsB(a), and the covariant 

y/w{a) 

derivative, DqX"^ = doX"- — DqO = d^O — {uj,6} , define the gauge transformation 

based on the APD, 

SX^ = {C,X'^}, 59 = {C,9}, 5u = do^+{^,u}. 
The canonical Hamiltonian is 
H = - J SaP'{a) 

= ^ / c/Vv^ {^-w-'P^ + \ [{X\ X'}Y - 1^7a {X^ 9}) . (2) 

P denotes the canonical momentum conjugate to X. The non- vanishing Dirac brackets are 

(x\a\P\p))^^ = 6^'5'^'\a,p), 
i9M,0pip))^^ = -^=6^p5^^Ka,p). (3) 



The Gauss law constraints associated with the APD can be written as (/'(cr) ~ and 
Lf^ ^ Q where 

= - j d^a^^^>{a){p{a)-drX{a) + l^^M^)9{a)dr9{a)y (4) 
is the basis of the harmonic vectors in the parameter spaceH. 
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The light cone directions are expressed through = ± X°) where one of them 

is identified with the world volume time variable X~^{t) = ^^(0) + r. The other one is 
defined by 

drX'ia) = - I^^P(a) ■ drX{a) + '-9{a)dr9{a)] . (5) 

The integrability conditions of this differential equation coincide with the Gauss law con- 
straints. When integrated, it gives 

X-{a) = q--^J d'pG^ia, p) {p{p) ■ drX{p) + '-^)e{p)dre{p)) , (6) 

where the integration constant satisfies {qT , Pq)db = 1 and G^{a,p) is the Green function 
defined by DPG'{a,p) = -iwia))-^/^6^^\a, p) + 1. 
This system has supersymmetry generated by 

Q- = j d'a^M^)e. (7) 

The Lorentz generators are defined by, 



M+- = 1 cPa[ - P+X- + P-X- 



M+" = J (fa{-P^X'' + P^X^), (8) 

M-^ = f d^alp'^x- -p-x''--^er'ePt-'^{x,,x,}er'''e]. 

DWMN [H proved that these generators satisfy, 

A.M = + (M, H)nB = 0, (9) 

namely the conservation of these charges. Although this is a nontrivial consistency check, it 
is obviously important to prove that the Dirac brackets between these charges indeed satisfy 
the Lorentz algebra. 

As in 0], we carried out our computation by using mode expansion in two dimensional 
parameter space. To define the basis, we pick the covariant Laplacian in the parameter space 
and define the basis as its eigenfunctions, 

AYo = 0, AYa = -ujaYa (10) 
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where uo^ > The index A will take value in positive integers. When we need to treat 
both zero- and non-zero modes we will use indices I, J. We may require them to satisfy the 
orthonormal condition, 

I cfa^^)Y\a)Yj{a) = 5' j Y' = Y* = r^'^Yj. (11) 

The completeness condition is 

Y.y\<^)yA{p) = -jL=5^'\a,p) - 1. (12) 



'w[a) 

All fields will be expanded in terms of Yj such as, ^"(cr) = J2i X°'^Yj{a). The Green function 
which appeared in the definition of X~ is then expanded as, 

G^ia,p) = j:—y''icT)d^YAip). (13) 

A 

The structure constant of the APD is given by 

fABC = J d^cy^M^)YA{a) {^^(a), y^(a)} , {Ya.Yb} = JabcY''. (14) 
We also define, 

dABC = J d^a^^)YA{a)YBia)Ycia) 

/I W^'^ 
(faJw{a) drYAYedsYc. (15) 
loa 

The tensor cabc is motivated to express the mode expansion of the Green's function and is 
indispensable to express X~ . Whereas the tensors / and d are invariant under APD, c is 
not invariant because it depends explicitly on the metric. DWMN have argued that there is 
no modification which makes it invariant. In this sense, it is a challenge to find the analogue 
of this constant when we treat the M(atrix) theory. We will come back to this issue later. 
In terms of the coefficients of mode expansion, the Dirac brackets are rewritten as, 

(X^, Pb)dB = 5°'^f]ABi 

{daA,df3B)DB = —iSa,l3VAB, 

{q-,P^)DB = 1, 

{XlP',)nB = 

{0aO,0po)DB = -iSa,i3- (16) 

Let us write down the mode expansion of various conserved charges. The elements of the 
APD are given by. 



^A = /^i^C ■ - W) 



= fxBc{x^-P^-'f^e^) (17) 



^We consider the case when the parameter space is compact and the spectrum is discrete. 



5 



As dWMN indicated, to describe Lorentz generators, it is convenient to separate the zero- 
mode and others. 



2P+ 2P+ 

= Pl + lifABcX^x^r -tUBce^'rx^e^ (is) 

M+- = -P+q--HT, 

M+" = -P+X^ + tP^. (19) 
We write M~" in the following form, 

= (M-")(°) + (^PobM"^ - |^o7"Q^) + ^M-'', (20) 



where 



(M-")(°) = 5-p^'' + Xo"i/-^^o7'^''^^oPo', 





= (PI + ^ x,V')^^, 

M-'^ = ^rf''^^^l(^B-Pc + ^(/f^^Ul;)(/^^^l'^G)-^/c^^l)M^^ 
-^d^^^P^,^^7'^'^c + Ic^'^'^PlipB ■ Xc + ^^B^c) 

_yABC^DEx^^X^^Q^^abcQ^ (21) 
o 

3 Lorentz symmetry in supermembrane 

In this section wc summarize our proof of the Lorentz symmetry. The detail is explained in 
appendices C and D. What we want to do is to show that we have the eleven dimensional 
Lorentz algebra: 

(^M^'''^ M'^)db = r]''PM'"' + rfMi'P - rj^M'^P - rf^M^, (22) 

where the indices p and a run the eleven dimensional space-time indices -|-,— ,l,---,9. 
DWMN have shown 

{M''',M^)db = 0, (23) 
{Q^,M')db = 2^^v^^, (24) 

{M-'^,M')db = -[fB''''Xt,Xc-XE-'-eBr0c){c^''^VA + c'^''<Px). (25) 
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The RHS vanishes in the physical subspace. By using these relations and the Dirac bracket 
{<1~,P+)db = 1, "we can easily prove the Lorentz algebra (p2D except {M~°-, M~^)db = 0, 
modulo the first class constraints. 

Proof of the only nontrivial part (M~'*, M~'')ob = goes as follows. By separating zero 
and non-zero modes we find 

(M-», M-')db = 77^(C + D), (26) 

where 

C = {-M^M"^ - ^-Q^l^^Q^) + (M-", M'^)db , (27) 

D = -'-OonQ'-,M-')DB+'-eol\Q-',M-'')DB. (28) 

In the appendices C and D we will show that the following relations hold modulo the 
first class constraints, 

C = 0, (29) 
(Q+,M-")^B = 0. (30) 

Here we only quote the final result. 
1. The first equation (p9l): 

+ '-{er>r''e'')x,Ev'^ 

-'-{enr''eE)x,cdA^'^{cB^^^^ + c/^^^) 

+ ( / + / V^a) + 7^ JC ^ {^A^B 

V 00 A 00 c ^ooaoob / 

_^^AICf^DE^Xa^Xl^ - X\X^^)Xn ■ MCHC^^'' + CaC^V'") 

fDAE/ va \rh vb \ra \ v V 
~J [^A^E ~ ^A^e)^D ■ -^F^ ■ 

•^In this calculation we have used the relation: 

\ / DB AlFn I 



- P\Pb) 

(31) 
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2. The second equation (^): 

e^cX'i.d^'' EV'' + \{i'''Oc)o.X,d{ce''''^'' + CA^^y.'). (32) 

In the physical subspace where c/?'^ ^ both of the equations vanish. This completes 
the proof of the Lorentz invariance of the dWHN model. 

4 Discussion: Lorentz invariance of M(atrix) Theory 

Although our computation is rather tedious, it has a merit that it can be carried out quite 
systematically. Therefore we are eager to speculate that such an analysis may be applicable 
to prove the Lorentz invariance of the M(atrix) theory in the large N limit. 

Indeed there are well known correspondence between SU{N) in the large limit and 
the APD. For the simpler part, the translation table is given as follows. 



APD 


SUiN) 




Ta 


{X,Y} 




Jd'a^w{a)X{a) 


Tr X 






rpA rpB 




yAyB ^ ^^B ^y^ 




rpA rpB 





When we compute the anti-commutator of S'0(9) supercharges to study the appearance of 
p-branes of various dimensions, these two theory were essentially the same except for the 
vanishing of the five brane charges in the supermembrane approach^. In such computation 
the corresponding generators of the M(atrix) theory are available after the use of above 
dictionary. It means the computation does not depend on particular geometry of the world 
volume. 

For the calculation of the Lorentz invariance, on the other hand, we need to introduce 
the third tensor cabc which depends explicitly on the metric of the parameter space and the 
direct translation becomes more involved. Of course, when the geometry of the parameter 
space is fixed (say the Riemann surface of genus g), we already know the non-commutative 
analogue of the surface which can be embedded in the large limit of S'[/(A^)[^]. In such 
a situation, the construction of the corresponding Lorentz generators in M(atrix) theory 
becomes possible. For that purpose, it is convenient to indicate an identity for the tensor 
Cabc (see the appendix E for the proof), 

Cabc = {— — — - 1 ) dABC- (33) 

Some discrepancy observed in |^ can be removed when we carefully keep the Schwinger term in the 
matrix computation. See appendix F for detail. 
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This formula shows that once the notion of the Laplacian is generahzed to the M(atrix) theory 
we can construct the tensor c. Because we take the orthogonal basis as the eigenfunction 
of the Laplacian, the basis of SU{N) should be also taken from eigenvectors that diagonalize 
such an operator. If the Laplacian thus defined have definite "classical" limit in N ^ cxo, the 
relations among the tensors /, d, c will also hold in this limit. This means we will recover 
the Lorentz invariance. We have now the second type of correspondence. 



APD 


SU{N) 


A 


A 




uja 


AYa = -coaYa 


ATa = -ujaTa 



Let us illustrate the idea in a concrete example, namely the case of the (non-commutative) 
torus. In the APD case, the base of the mode expansion is nothing but the Fourier expansion, 

Ya = exp(i(Ai(7i + ^2(72)), 

AYa = -coaYa, coa^\A\''- (34) 
On the SU (N) side the corresponding basis is 

Ta = Nz^^'^'fl^'flf, 

= zn2^i, z^e^""'!^. (35) 

The analogue of the Laplacian in this theory may be picked up by using the adjoint action 
of Q as, 

A = - — (Ad(Qi) + Ad(Q2) + Ad(Qr') + Ad(Q2 ') - 4) , 

ATa = -^aTa, 

UA = -^(z^i + +^-^^ -4). (36) 

In the large N limit, we restore the relation in the continuous limit limAr^oo^A = <^a- 
Obviously, in such a situation, one may define the matrix model analogue of the Lorentz 
generator in such a way that it gives the correct commutation relation. 

The message here is that we need to specify the Laplacian in the M(atrix) theory to 
define the Lorentz generators. It should be encoded in the eleven dimensional definition of 
M theory and have to be tightly restricted since otherwise the various identities discussed 
in appendix A will be violated and so is the Lorentz symmetry. The situation reminds us of 
the fact that the consistent string background is depicted by the conformal invariance which 
is closely related to the Lorentz symmetry in the light cone gauge. One might say that the 
background dependence of M(atrix) theory appear here as the choice of the Laplacian and 
the constraint on it comes from the Lorentz invariance as the tensor identities. 
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A APD Identities 

In this section we present several identities satisfied by the APD tensors. Let us recall the 
definitions of three tensors in and ([T5|): 



fABC = j d^a^^)YA{a){YB{a),Ycia)}, 
dABC = J d''as/M^)YA{cr)YB{a)Yc{a), 

cabc '- 



-2 I d'a^^Ma)^^^^^rYA{a)YBia)^M<^) 



loa 



(37) 
(38) 

(39) 



From the above definitions it is evident that Jabc is totally antisymmetric and dABC is 
totally symmetric. The basis functions Ya satisfy the completeness relations. 



Y^Y^{a)YA{p) 



w{a) 



(40) 



A^A 



r-rt 



D^YA{a)D^Y\p) + -^=dtYA{a ' 



w{p) 



duY\p) 



d^'\a,p)-Y.<^^'^''ia)^^'>{p). (41) 



By using (^0]) and integrating by parts, the authors of 0] showed that the APD tensors 
satisfy several identities: 



f[AB fc]DE 

Cabc + cacb 

dABcf^lDEf^ F]G 
fA{B^dcD)E 
dEA[Bdc]D^ 



0, 



2 / d^aJ^)- AYA{a)YB{a)Yc{a) = -2dABC, 

J ^ U A 

2 / d'aJ^)^^^^drYn{a)dsY^^{a){Y''{a), F^^'^)} = 0, (42) 

J Ue 

j d^a^lM^)Yc{a){Y^D{cr),YE{a)}{YEia),YG{a)} = 0, 
j d^a^lMi)\{YA{cy) , YB{a)Ycia)YDia)} = 0, 

J d^a,fii^)YAY[BYc]YD - J d^a^^)YAYyB j d^ p^^)Yc]Ye 
-VaibVcid- 
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The first identity is nothing but Jacobi identity. In the last step to derive the third and 
fourth ones, they used the fact that the parameter space of the APD gauge group is two 
dimensional (Schouten's identity). The others are straightforward. They also found from 
(|1|) that 

Iab^cecd = ceabI^cd ~ '^fsD^dACE + ^ cxabI^cdi (43) 



where 

fxAB = j(fa,lM^)^^^^\a)dtYB{a)YA{a) 
cxAB = -2jd^at'-'^^\a)d,YB{a)YA{a). 
Besides these identities we have derived 



(44) 



ABC 



dc""^ + 2c^''^^dc^^^ = 4r^^(^/)«, (45) 
^(cc^^ct^^l'^ + ct-^l^lcc^l'"^) 

= (- - -) i-fc^'f^'' + /a^^/^^^) + (46) 
2 \ua ^bJ ' 2ujaujb 

d^AC^^DEB _ 2dDEB^ _ 2c^(C|^lrf^^)S = Ar^^^^BD^ (47) 

d^'^Hd^'^'if^''^ f^^G = -f"^""^ f^""^- (48) 

They play very important roles in our computation in the following sections. Here we give 
their brief derivation. Using (^0]) and integrating by parts, we obtain 

-D'^y^(a) 

uja 



^ABc^^EF = _2 / rfVv^ ^''V ^(a)a,(y^(a)y^(a)), (49) 

J ^ Ua 

^ACE^^EF ^ 2r/^V^-2 /dVv^^^^^^^F^(a)9,y^(a)F^(a). (50) 



The combination of these relations gives (^5]). In order to derive (^) we rewrite the first 
term in the l.h.s. of (|46D by using (0): 



1 EE ABC 



-cc—c— = — [ d^aJ^D'Y\a)dsY^{a)Y^ia)Y''{a) 

UjA J 



4 ua 



1 _fEE^fBAC_^j^EEfXAB_ ^5^) 



LOa^C ^a 

The completeness relation ( ^OD and integration by parts enable us to rewrite the second term 
in the l.h.s. of (H): 

-'- ^AF „BCE _ 



c- = — I rfV7^^D^F^(a)a,y^(a)F^(a)F^(a) 

ja J 



4 UA 



— / d^aJ^)D'Y^{a)drYF{(y)D'Y''{a)dsY''{a) . (52) 



UJa^B 
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From (ISTl) and fp2D we obtain 



where H^^^^ is defined by 



J " \ uja cob J 

^ -i/^^^^, (53) 



jjABFE ^ J d?a^^)D'Y\a)drY'"{a)D'Y''{a)dsY''{a). (54) 



When we antisymmetrize the indices A and B in (^31), the second term in the r.h.s of ( ^31) 
vanishes and the third term turns out to be 

The derivation of this equation requires the identity 

^Wu - Wu = ^^'^tu- (56) 

The combination of (p3| ) and gives (^Bl). Next we derive (0). Eq.(^DD and integration 
by parts give the following relation: 



dj^AC^^DEB _ ^^DEB^ _ ^^DCE^ AB 
4r^AC^BD 



^^drY^Y^'Y^' + Y^'Y^'Y^Y^ - E^y"" driY^Y""] 
= irj^c^BD _ 2 f d2^r;^^iyy^Y^{drY''Y^ - drY^Y^). (57) 

J ^ LOd 

From this relation we find the identity (^T]). Finally we prove the identity ( P5| ) . By using 
(1^) and integrating by parts we obtain 

= J dVv^r^y^{y^ , , y^} - jdefj-bac^ ^^g^ 

The first term in the r.h.s. vanishes by antisymmetrizing indices B, E and F. 

B Some Identities of 50(9) Clifford Algebra 

In this section we review some properties of 5(9(9) gamma matrices 7'^^^ (a = 1, ... ,9 ; 
«,/? = !,..., 16). We can take 7"^^ as real and symmetric matrices, i.e. 

{i\pr = i\p. i\p = i%o.- (59) 
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From these gamma matrices we can construct an orthogonal complete basis of 16 x 16 real 
matrices (or bilinear products of real spinors) : 

{T ^ o, ^ ab „ abc „ abed \ 

lad , 7 af3 ^ 7 af3 , 1 a/3,7 a/3 j , (60) 

where 

I, 7" and 7'*'"='^ are symmetric, and 7"^ and 7"^^^ are antisymmetric with respect to the 
spinorial indices. 

The SO (9) gamma matrices satisfy several identities, such as 

k 

r^a^bi-bk ^ ^abi-bk _^^^_y-l^abi^bi-bi-bk ^ (^Q2) 
1=1 

h'')ap{lab)yS + {l'') ysilab) afi + {l'') a5hab)'rf3 + il'')jf3hab)a5 

- 2Isp{-fa)-ia + 2/„^(7a)/35 = . (63) 

By multiplying (7")5e(6'[^6'B^q) to (^) we derive 

These identities of gamma matrices are useful in carrying out our calculation. 

In this section we show that ( p9D holds modulo the first class constraints lpa and Lp\. 



First we substitute (p!8D and (|21|) into the first and second terms in the r.h.s. of (|2 
The result is 

- A^^^'^fe _ 1q+^-*Q+ = Ci + C2 + C3 + C4 + Cs + Ce, (65) 



where each C/ (/ = 1, . . . 6) is composed of the same type of polynomials in X, P and 9: 
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Ci = -Pi(-Pi^X^^ + P]?,X"^), (66) 

C2 = -^PlP^(^^^^)-^{Fl(eV^^)-^^(^V'^'')}^<iB 

+ lp2^^^^a.^B) _ . p^^e^'^-bQB^ _ Ip^^p^^^e^'^abdeQB^^ (g^^ 

+ ^/^^^(X«P]^ - X^P^)(^^7 ■ Xsd'') + z/^^^(XSP''^ - X^P«^)(^^7 ■ XbOc) 
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Note that we have expanded the products of gamma matrices in the complete set (pG) by using the 



identities such as (62) 
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- '-f^''''{x'x{9Bi"''e'')-x\{eBr'''9'')}XdcPeD 

- \f''''''{PD{eAi'''9'') - p'j,{eAi''''e^)}XdBX,c + ^/^^^(^A7"''^'')^dB(Xa ■ Ph) 

+ -J^''''{9Ar'''^9'')X,BXecPfD^ (68) 
C4 = \UabcX!X^)\P^^X''' - P'^^X^''), (69) 

c, = l{0Are^){fBCDx!x^f 

+ ^^{e^r''''fe^)x^x!x!xffBDEfcFG 

_|_ _L|5l'B(^_(Jca^dbe/ _|_ ^cd^daef _ ^ce^dabf _|_ ^cf ^dabe _|_ ^da^cbef _ ^db^caef 

16 

j^gde^cabf _ ^df ^cabe _ ^ae^cdbf _|_ ^be^cdaf _|_ ^af^cdbe _ ^bf ^cdae-^gC ^ 
X X^^ X^ X^ Xp fBDEfcFG 

o 

+ '-{9^^^'9^){X'^^X'^ - X^^X'^^)Xf W/c^G 

+ l{e^i'''e^){x'' ■ x^){x^ ■ x^)fBDEfcFG 

+ '-{(9^j'^^9^)x'"' - {9''^'^9^)X'^^}X[{X^ ■ X^)fBDEfcFG 

+ ^(^^0^)(X"^X^^-X«^X''^)(X^-X^)W/ci.G, (70) 
Ce = \fABc{0^1-X^9^){9ni^'9^). (71) 



Next we calculate {M-" , M-^)db- By using the definition of the generator M in ( ^I]) 
and the Dirac brackets (|16|), we find 

(M-^ M-'')db = Bi + B2 + B; + B^ + B5 + Be, (72) 

with Bi, B2, i?6 being given by: 

B, = ^(c^^^d^^-2c^^^(i^^-2(i^^^d#^)(X^P^-X^P^)P^-Pc; 

+ \ic^V^^-Cc'''c^''^')XB-PFiPlP'B-PlPB). (73) 

= [-^(i^^^rf^^ + ^{2C(f^(c^^^ - c^^^) 

+ _ c^^t^)(c^^^ - c''^^)}]P-P'^{9e9f) 

8 4 
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- '-d^''^dS^PdAPeB{eEr''^eE), (74) 

x{0B-fPAec){X^DX'E-X'nX%) 
+ i{^d%d'^^^ f''^'' + Ad^'^^d^f^'^'' - d''^'' fiaic''^'' - c"^""^) 

x{x^s{ODi'eE) - x'B{eDreE)}XA ■ Pc 

+ ^ ^A^^^CEGjDBF _ ^AD^CEfFGB ^ ^AC^DEjBGF^ ^ 

xixiiODi'^^eE) - x\{eDi'"''eE)}PdcXeB 

+ ^{(2rf^^^ - c^^^ + c^''^)d%f''^'' + 2c^^^d^^^/|G} X 

- '^d%d^^^f^^<'ienr''''9E)X,AX,sPfc, (75) 
B4 = ^(4^/,^^//«c^^^ + 4rf^^^/,^^/^^c^^«-2d^^^rfi^//^//^ 

x(XlFi - X^P^)(Xg ■ XE){Xn ■ Xf) 
+ \{d^'''frfc''ci^ - 2da^^d^'^f,^^f§^) X 

X (X^Xl - ) (Xz, • X^) (Pb • ^g) , (76) 



_|_ J_|^^(^_(5ae^cd6/ _|_ ^af^cdbe _ ^cb^adef _|_ ^ce^adbf _ ^cf^adbe _|_ ^db^acef 

+ ^{(^d7''''^f)X; - (^^b7^"^'^^^)X,^}X,gX,hX,e X 

x{dc^'d^^,f^^^f^^ + /^^^/c^cir/^^^) 
+ ^(^a7"^^b)(^^ • Xe){Xc ■ XE){dj,„drf^V^^' + d^^d%,f^^f^^^) 

+ '-{{9Ar'0B)X'c - {eAl''9B)X^}{XD ■ Xe)X,e X 
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+ \{eBf'ec)X'^pX\,x%x'^x 

+ f^dr ff'd^''' - dS^ f/'^'df' f^') 

+di^frfrd^^' + fi^d^fF^d^^' 
-fi^drdn^^') 

+ '-{eAeB){X^cX'n - X'cX^,){Xe ■ Xf) X 

x {dl^dP^ f^^ - 2ci^d%f^^^f^^) 

xi-fc^dE^'drf''' + fi^'dE'^ff^'d''^' 
-dm^drf''' + d^^frf^'d^^^) , (77) 

B, = \d^'''' fF''d^^{eGi'''eH){eBi ■ XuBe) 

- Id'''''' fF''dE''{xi{9BiceE){eGi"'eH) - x^iOBiceEWGi^'eH)] 

o 

+ ^d^"""" fF''dE''xi{{eBi'''dc){eGi"''eH) - {9Bi"'Oc){eGr'"'0H)} 

lb 

o 

+ ld''''''fF''cE''{X%i9Bl''eE)-X\ieBrOEmOG9H). (78) 

In order to see the cancellation between Cj and Bj (/ = 1,...,6), it is convenient to 
rewrite Bj by using the identities in the appendices A and B. Eq.(^7D reduces Bi to 

Bi = Pl{X%P^^ - XlP^^) 

+ \{c^^gc'''''' + cE^c^'''')Xe-Pf{P1P'b-P\Pb)- (79) 

By using (|^),(|^) and (^5]) we rearrange B2 and B^ as 

B2 = -^[-2P^p^B{e^e^) - 2{PX{e^-f^'^e^) - F^(6'V^^^)}^dB 
+PlieBr'e'') - Pa ■ pBie^i'^'o^) - PdA/'eB(^V'''^'')] 

+ ^ (cc^^c^^^ + c^^cc^^^) (PIP'b- PlPs) We) , (80) 



B3 = -f^''''{eAi-PDe''){x%x'c) 



T 

y^'^'^iOAj ■ XBe''){X^cPD - X'cPd) - ^f^'^'^iOAl ■ Xb9c){X^dP'"' - X'^P'^'') 
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+ '-f^''''{x'x{eBi"''e'')-x\{eBi'"''e'')}XacPeD 
+ \f^''''{PD{eAi''''e'') - Pl>{dAr'''d^)]x,BX,c 

- ^/^^^(^A7'^''^'')^dB(^G ■ Ph) + '-f''''{eDl''"'e^)X,E{XG ■ Ph) 
-{df^ic^^f'''' + c,^''f''''){enl'''0E)X,c{Xa ■ Ph) 

- lf^''''{0Ar''''^9n){X,BXecPf). (81) 



B4 is rewritten by using (|4^) and 
1 



1 



+ ^d^'''fi''''{XlX'E - X\X%)Xj, . X,{c^jr^^ + c,a'f^^)PB ■ Xa 

+/^^^(X1X| - X'^X^e)Xd ■ Xpf^'^pB ■ Xg. (82) 
We adopt (|2]), (|3|) and (||) to rewrite as 

B, = -^{eBr''''^Oc){X,nX,EXeFXfG)f''''''f'''' 

16 

^^db^acef _ ^de^acbf ^ ^^f ^acbe^Q^^ ^^^j^^^j^^^^ jBDE jC FG 

- l{{eDl''"''eF)X'i - (^z)7'"''^F)XnXcG^dHXeij/^^^/^^^ 

- l{eAreB){Xo ■ Xg){Xe ■ XE)f''^f^^ - k9Ar'0^){ff''x,cX,D)' 

o o 

- '-{ieAY'eB)x'c - {eAi'"'eB)x^}iXD ■ x^)Xe,,/^^^/^^^ 

- I {eBi^'ec) {x-eX'd - x%xl)x,EX,Gf''''''f^'' 

+ '-{eBi''ec){x^^x'E - xi,x»)(x,pX,G)/^^^/^^^ 
+ \{eBOG){XE ■ x^)x^x^(/^^^/^«^ + 2f^^f^^) 

^^_^AKCfDF^X%X'B - X\X%){Xo ■ XF){c^jr^'' + c,//^^^) (^^^g) • (83) 
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Finally, rearrangement of Bq requires (|i2|), (|3) and (^). The result is 
1 



Be = --fABc{O^l-X^e''){enr'0'' 
1 



o 

+ l{9Dr"'0'')x,E f '''''' {OceH) 

- ^d^^^{x%{eBi'eE) - x'^iesroEmcnJ" f '''''' (OceH) + c,c''f'''"{OGOH)} 

+ l{Xl(^V^z))-Xi(eV^D)}/^^^(Mi/). (84) 



We are now in a position to verify the cancellation of (pTf ) modulo the first class constraints 
{{pA, fx)- For this purpose we separate (|27| ) into three parts, namely, 

C = C«+C(2) + C(='), (85) 

CW = B3 + C, + B, + Ce, 

C(2) = B^ + Ci + B2 + C2, 

C(3) = B^ + C^ + B^ + C^. 
After simple calculation we find 

c« = ^{xi(eV^?D)-x^(^V^D)}¥^^ 

+ \{eDr'e'')x,Ef^ - '-{eoi''''eE)x,cdr{ci^f^ + c/^^^^), (86) 

C(^) = i(c^V^^^ + Ccf^c^^^)(^i.-^F-^W(^;^^i-^l^^), (87) 

= -ld^^^/f^(XlX^-XlX^)X^.XHc^cV + c,//) 

-/^^^(X^X^ - ■ Xe^"^. (88) 

We see that C-^-* and C*^^-* are already written in the form of linear combinations of lpa and 
({)\. In order to show that C^^-* is also linear in the constraints, we have to apply (0). The 
result is 

C(^) = {-^[^f^^^c + /^^^^a) + ,r^fc^\''}{PlPi - PIPb)- (89) 
ua ujc 2uaujb 



Thus we have proved that all the terms in (pTj) sum up to give (^^. 

D M-<')flB 

In this section we show that the relation {Q~^ , M~°')£)b = holds modulo the first class 
constraints. By using relations (|T^, we can write down the result in the following way, 

(g+, M-")db = Di + D2 + Ds + D,, (90) 
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where 



+ i(7 ■ ■ XBl''''ec)aX,DXeEd''FGf^''''f''''^ 

o 

-^(7 ■ XMaX^ciXD ■ X^)(c/^Fg/^^^/^^^ + Fcf""' f^'''') 

■ Xa7 ■ Xsl ■ Xcen)aXUd^FGf'''''f^'' + d'^'^Ff^^f'^ 

Ps). = lh-PAl-XB9c)aXUd''''Ff^^) 
-1(7 ■ XbJ ■ PAec)aXl>d^''Ff''^ 

+l{^-^eA).x,B{Xc ■ PoV'^f^E 

[(7 ■ PAl'"''eB)aXacX,D + (7 ■ Xc7 ■ XDl'''eB)o.PdA] d^'^Ef'"'' 

+ ^{j-XAj-XBec)aP^ 

DEB r AC I nDEArBC , D_BC i-AB DCS rAB 



X{ — ^C J s + ^C / E + C / / e)j 



P4)a = ^(7'^^A)a(^iJ7-Xc^D)rf^^ir/^^^ 



+^(7A).(^ij7%)^S^''''£;/^''''- 

After decomposing the products of gamma matrices into the complete basis 
identities (^2]) and (ll^) lead us to find that Di and D2 vanish and 



The third term in the r.h.s of (Q) is rewritten as 

\ [{idUii^'^U + ii'XpiidU] epA{eBilAcXeDd''''Ef'"'. 

The identity ( |53D and similar calculations enable us to rewrite this term as 

i 



6 



+ ^ [{l^OcUeAl^OB) + (^B^A)(7^"^c)a]XeZ,rf^^i,/^^^. 
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After combining with this term the other two terms in ( p^ and using 



3 

\iaeiAneBYec])] x^d^^^/^^^. (98) 



2 

By using (|^) in the third term of the r.h.s. of the above equation, we finally obtain 

From (p5|) and (^9]) we conclude that 

(Q+, M-'^)db = ^.c^^rf^^i^v^^ + ^{r''9c)aXMcE^''v'' + cx^'^'ip'). (100) 

E cabc in terms of (iyi5(:7 

In this section we derive the equation (|33|) which describes cabc in terms of the invariant 
tensor (Iabc- 



Let us recall one of the relations in ( |^ ) 



Cabc + cacb = -2dABC- (101) 

By using the definitions of cabc and (Iabc and performing integration by parts, we find 
another relation: 

CABC - CACB = 2 / d^a — YA{YBAYc - Yc/XYb) 

J to A 



Ua 

IX>B -^C , 
= ^ "ABC- 

uja 

Combining these two relations we can express cabc in terms of dABC- 



(102) 



Cabc = {— — — - l)dABc- (103) 

Ua 

This completes the proof of (|33|) . 

F Supersymmetry algebra in M(atrix) theory 

The authors of observed some discrepancies in the supercharge algebra between dWHN 
model and M(atrix) theory. In this section, we would like to indicate that there are some 
missing terms in the M(atrix) computation and the alleged discrepancy can be removed. 
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We define the supercharge Q and the Dirac brackets between the canonical variables X, 
P, 9 of M(atrix) theory in the same way as [^. By using their defining relations, we obtain 



{Qa , QpjoB = 4:RH5ai3 

+2RTT [-i{P'' ,[Xa,X,]}~t[ [X, , r'] , 9^']) h')ap 

+2RTI [X^-X'X'X''^) i^abcd)ap 
-AtmT([X,,^9j^'9]y^a)aP 



+AtRTT [[X[a , ^(^7M^)] j il^'^'U- (104) 

This result coincides with that of dWHN except that Tr (^X^"'X''X'^X'^^^ term is automat- 
ically vanishing in the supermembrane calculation. The last two ^-bilinear terms in the r.h.s. 
of the above equation were absent in ||^. These two terms are originated from the second 
term in the r.h.s. of the following relation, 

[Py , Qa]DB = (2[X, , r']/(7«''),„, + Ti[{D{h) , r'} , Xd]{^-X^>j , (105) 

where D{^i) is matrix valued quantity whose (A;,p)-component is defined as 

D{U)k'' = Sk'S.^. (106) 

By keeping this term, we have recovered the ^-bilinear terms. 

Here we should make a remark. The recoverd ^-bilinear terms cannot be observed even 
if we consider topologically nontrivial configurations such as winding sectors of {X"}. This 
is because these terms are originated from the second term of ( |105[ ) which is expected to 
vanish in the configurations with a well-defined supercharge Qa- In this respect, it is proper 
to say that there is no discrepancy between the result of dWHN @ and that of P] , at least 
practically. 
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